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Abstract:
A vibro-impacting mechanical system comprising a ball moving freely between two dielectric membranes
located at a certain distance from each other is studied. When impacting interactions between the ball and the
membranes occur the device generates energy harvested from ambient vibrations. The energy harvesting
principle of the proposed system is formulated and used to numerically estimate its output voltage. The dynamic
behavior and output performance of the system are thoroughly studied under a harmonic excitation, different
initial conditions and various values of the restitution coefficient of the membranes. The research results are
useful for selecting the system parameters to achieve an optimal output performance in a realistic vibrational
environment.
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1 Introduction
Energy recovered from various sources of ambient vibrations is considered to be renewable, clean
and can be converted into electricity[1]. The energy harvesting (EH) devices utilizing ambient
vibrations require a small size, high energy density and low cost especially in applications such as
automotive[2,3], aeronautical[4], wireless sensors networks[5,6], wearable devices[7] and other sectors[8-10].
There are three mainly conventional transduction methods converting vibrational energy to
electrical one: electromagnetic, electrostatic and piezoelectric, whereas a triboelectric effect has
rapidly been gaining its popularity. The transduction process of electromagnetic (EM) EH is based on
Faraday’s law of induction. Poor scaling qualities make EM EH unfeasible for micro scale
applications where it can only provide a quite small voltage output, while for large scale applications
such devices become heavy and bulky. Moreover, due to the dependence of the induced voltage on the
relative velocity of a magnet and coils, the larger size applications, like linear generators for wave
energy converters, have not been very successful so far. Electrostatic (ES) EH is based upon the use of
a variable capacitor with one fixed plate and one plate connected to a vibrating body. Its advantages
and disadvantages are both related to the requirement for an input voltage. Since the output voltage is
quadratically proportional to it, the larger the input voltage the higher the energy gain. The majority of
investigations on EH from ambient vibrations so far have been focused on the use of piezoelectric
(PZT) materials[11-15]. These PZT EH devices have simple structure and relatively high energy
conversion efficiency. However, these devices can only work within a limited frequency for a special
type of motion[16] and produce relatively small power density. These factors greatly restrict the areas
of application of PZT EH devices.

In recent years, dielectric elastomers (DEs) have shown their advantages for vibrational energy
conversion and attracted much attention from researchers. DE generators[17-20] are fabricated using
highly flexible elastic materials (such as acrylic, silicones, polyurethanes, etc.), sandwiched between
flexible electrodes that convert mechanical work to electrical energy. DE-based generators can
convert linear, nonlinear or rotational motion under a wide frequency range[21]. DEs also possess such
advantages as a low mass density, large deformability, high energy density, rather good
electro-mechanical conversion efficiency, moderate or low cost, solid state monolithic embodiment
with no sliding parts, good chemical resistance to corrosive environments, silent operation, as well as
easiness to manufacture and recycle[22]. Therefore, DEs have significant potential in EH from
vibrational energy due to their ability to work at micro scale, diversity of structure, etc.
To convert vibrational energy into electrical one DE acts as a variable capacitance capacitor. A DE
generator was first proposed by Pelrine et al. back in 2001[23]. Suo et al.[24] established the DE theory
based on thermodynamics and continuum mechanics. Following their work, many researches related
to DE generators have been published. The basic material properties, failure mechanisms and
identification methods have been studied[25-27]. A detailed model that describes the four cycling phases
of DE-based EH was developed in [28], whereas the influence of the material dielectric coefficient on
the EH performance and bias voltage was considered in [29]. These researches have emphasized that
major advantages of DE-based generators are their high energy density (up to 0.4 J/g), which is at
least an order of magnitude higher than the specific energies of EM, ES and PZT generators[30],
especially at low frequencies, and high stretching capabilities. The highest power density that has
been achieved with DE is up to 3.8 W/mm3[5], which is much higher compared to EM (2.21
W/mm3[31]), ES (2.16 W/mm3[32]) and PZT (0.375 W/mm3[33]). These researches have
demonstrated the benefits of using DEs in EH and laid the foundation for further investigations of
DE-based EH systems.
The main principle of DE EH is based on the deformation of a DE material in or out of plane by
applying either an external force or pressure, depending on the design and application of the DE
generator. For instance, in a novel wave energy converter (WEC)[34] a DE material is stretched by
pressured air pushed into a chamber by waves, which is similar to the oscillating water column
principle. Another idea of a WEC that utilizes a DE material and harness energy of surge motion has
recently been reported[35]. Many papers are currently available on the material properties of DEs[25,27];
however, only a few works have studied various concepts of DE-based generators and their
performance that limits the application of DE for vibrational EH in real life. Therefore, there is a clear
need for further study of DE-based generators and their EH performance under simulated or natural
ambient vibrations.
Irrespective of a conversion method used, it is apparent that the effectiveness of a parametric[36] or
nonlinear[37] energy harvesting is higher than that of a linear system in realistic environmental
conditions, where the excitation frequency is not fixed. Dynamic systems with a vibro-impact (VI)
interaction[38-43] belong to a class of strongly nonlinear systems that are used in various machines[44,45]
and can be used as vibro-impact dampers and nonlinear energy sinks[46-49]. Impacts are usually
associated with high kinetic energy, which can be harnessed. Usually VI systems consist of a
mass-spring element colliding against a motionless stopper, but in some advance cases a motion of
two mechanical systems is coupled through impacts[50]. Apparent difficulty in dealing with a VI
motion comes from very rich, complex and highly nonlinear behavior and bifurcation pattern[51] of
such systems that should be studied numerically for each and every new layout. Several layouts of VI

EH devices have been reported based on PZT material[52-55] and electromagnetics[56], whereas a
DE-based dynamical VI system consisting of a bouncing ball on a vibrating workbench[57,58] was
studied in our previous work[59,60].
Our previous studies of the DE EH device were focused on the introduction and basic analysis of
the system, whereas the restitution coefficient between the membrane and the ball was, for simplicity,
set to unity. Building on those works, the dynamic behaviors and the EH performance of the
DE-based dynamical VI system are further studied in this paper. Results of the study can be used to
optimize the device design. The basic principles of EH using the DE-based device are introduced in
Section 2. The dynamic behavior and EH performance of the device for different initial conditions as
a function of excitation amplitude and frequency are thoroughly studied in Section 3. A discussion of
how the results can be used to optimize the device performance in a real vibrational environment,
including an illustrating example, is presented in Section 4. Conclusions are drawn in Section 5.
2 Basic principles
The principle of power generation by a DE generator relies on increased capacitance due to
mechanical deformation of the elastomer. In order to convert vibrational energy into electrical one by
taking advantage of DE, an inclined vibro-impact model has been presented[60], as shown in Figure 1.
The system comprises a cylinder, an inner ball sliding freely inside the cylinder and two pre-stretched
circular DE membranes at both ends of the cylinder. Both pre-stretched membranes are sandwiched
between compliant electrodes and wires are connected to both sides of each membrane. Each
membrane is fixed between two identical cylindrical frames and then connected to the cylinder. The
system is inclined with an angle of  ( 0    90 ) between the direction along its symmetry axis
(denoted as z -direction in this paper) and the horizontal plane. The case of   90 is identical to
the case of bouncing ball on a harmonically oscillating surface that has been studied quite intensively
in [57,58]. The system can move freely in the z -direction subject to an external excitation F (t ) .
zM

M

z
zm

F(t)

m
rb

mgsinβ
d/2
Rcin
β

d/2
w

Figure 1. Sketch of the proposed DE-based dynamic vibro-impact system

In this model, the mass of the outer structure (the system without the inner ball) is denoted by M
and the mass of the inner ball by m . The inner radius of the cylinder is Rcin , the radius of the ball is

rb which is a little smaller than Rcin . The active radius of both circular pre-stretched membranes is
R0 (= Rcin) and thickness h0 . U in denotes an input voltage applied to the membranes. The length
of the cylinder is d whereas the cylinder frames’ width is w . The cylinder is excited by an external
excitation F (t ) applied along the z -direction, and z M and zm are the displacements along z

-direction of the outer structure and inner ball respectively, as shown in Figure 1. The origin of the
coordinate system for the inner ball coincides with that of the cylinder and is set in the middle of the
cylinder. The friction between the inner ball and the cylinder is quite small and ignored for
unrestricted motion of the ball. The output voltage of the system is denoted as U out , which is equal to
the larger voltage across the two membranes when they are connected in parallel to an energy
harvesting circuit.
Suppose a harmonic excitation F  t  =A cos(2 f 0t ) is applied to the system, where A and f 0
denote its amplitude and frequency, respectively. Due to a low mass ratio of the inner ball to the outer
structure and direct excitation of the cylinder, impacts are assumed to have little or no effect on the
outer structure. The outer structure moves under the excitation as following:
A
cos(2 f 0 t )
M
Thus, the displacement and velocity of the cylinder between the impacts can be easily obtained:
 (t )  F (t ) / M =
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where the values of C and D depend on the initial conditions of the cylinder.
The inner ball, in its turn, experiences the gravity component mg sin  ( g  9.8 m/s2 represents
the gravitational acceleration) and moves freely inside the cylinder until it impacts one of the
membranes:

 (t )   g sin 
zm

(3)

Introduce the relative displacement z  zm  zM as the difference between zm and z M , and

s  d  2 w  2rb as the largest distance the ball can cover inside the cylinder without the impact. Thus,
impacts between the ball and one of the membranes occur under the following conditions:

  zM
 when the ball impacts the left/bottom membrane
z  zm  zM   s / 2, zm

  zM
 whenthe ball impacts the right/top membrane
z  zm  zM  s / 2, zm

(4)

Denote the limit left (bottom) and right (top) positions of the ball inside the cylinder as

z L (t )  zM (t )  s / 2 and z R (t )  zM (t )  s / 2 correspondingly, then (4) becomes:
 zM
 when the ball impacts the left/bottom membrane
 zm  z L  zm

 zM
 whenthe ball impacts the right/top membrane
 zm  z R ,zm

(5)

The dynamic of the ball is changed after each impact accordingly. Let vm and vm represent the
velocities of the ball just before and after each impact, and vM  and vM  the velocities of the outer
structure before and after each impact, respectively. In view of the previous assumption of the small
mass ratio and the cylinder directly driven by the external force the cylinder velocity is kept constant

vM =vM  =vM  . When impacts occur the varying elastic force of the membrane f ( x) , where x
represents the deflection of the membrane, will produce negative work onto the ball until it reaches
the largest deflection  , at that moment the velocity of the ball becomes equal to vM . Considering

the outer structure as the reference frame, the following equation can be written according to the
conservation of energy theorem:
1
0  m  vm   vM
2



2  0  f  x dx

(6)

where
f ( x )  Kx n

(7)

represents the elastic force, whose relationship with x has been obtained experimentally and
reported in our previous work[59]. Therefore, the largest deflection of the membrane at impacts can be
obtained as:
1
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(8)

At the maximum deformation the membrane achieves its maximal area A and minimal thickness
h  . The area of the membrane at this moment consists of two parts[59]:

A=A1 +A2

(9)

 A1 =2 rb (rb  rb cos  )  2 rb2 (1  cos  )


 R02   (r sin  )2
 A2 
cos 


(10)

where

The value of  is determined by deflection  and sizes of the cylinder and the ball:

cos  

2rb   rb   2 R0 R02   2  2 rb

(11)
2
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Apparently, the membrane’s area A increases when  increases and due to the membrane’s
incompressibility its thickness decreases. The thickness of the membrane at its largest deflection can
be written as:
h 

 R02 h0

(12)

A

Thus, the minimal capacitance of the deformed membrane at its original shape and the maximal one
at its largest deformation in one impact can be obtained as:

C0 =

h0



 0 rV
h02

(13)

 0 r A

 V
 0 2r
(14)

h
h
is the relative permittivity of the DE material, and V is

C =
where  0 is the vacuum permittivity,  r

 0 r A0

the constant volume of the membrane. Therefore, the output voltage of the membrane at impacts can
be further obtained[59,60]:

U imp 

h2
C
U in = 02 U in
C0
h

(15)

Because each membrane serves as variable capacitor, one arrives to the well expected result (15),
where h  h0 ; consequently, the voltage not only bigger than the input one U imp  U in , but also is
proportional to it. Hence, the output voltage of the system U out  U imp when impacts occur, and

U out is simply equal to U in at any other time. Therefore, the external vibrational energy can be
converted to electric one through the ball’s impacts by using the presented dynamic model. The
voltage gain is U  U imp  U in  [( h0 / h ') 2  1]U in , which can be increased by increasing the input
voltage, which is the main advantage of variable capacitor devices.
The velocity of the ball after an impact can be calculated as[57]
1 r
 r
(16)
vM 
vm 
1 
1 
where r is the restitution coefficient of the membrane, and   m / M is the mass ratio of the inner
vm  

ball to the outer structure. When M ? m ,  can be regarded as 0 and (16) can be simplified as:

vm  rvm   r  1 vM

(17)

It should be stressed that the nonlinear mechanical property of the membranes is not used for the
dynamic evaluation of the ball velocity at/after impact, but rather exploited for estimating the
membrane deformation and voltage output. The mechanical interaction of the cylinder and ball is
governed by the Newton’s impact law rewritten in form (16) and (17). An ideal case of a purely elastic
impact r  1 has some theoretical interest, whereas the case of an inelastic impact 0  r  1 is more
practical. Apparently, in the case of elastic impact the ball evolution will be determined by initial
conditions (and the excitation parameters, of course), while in the case of inelastic impact ( 0  r  1
may be considered as a “concentrated” in time dissipative force) the influence of initial conditions
will gradually disappear with time. Nevertheless, it is important to understand the influence of initial
conditions because in such a nonlinear system they may force the system to a certain behavior.
After an impact the ball will move freely until next impact and this process will repeat itself again
and again. Based on the previous analyses, the displacements and velocities of the outer structure and
the ball can be obtained at any time provided the external excitation of the system and initial
conditions are specified.
The higher output voltages can be harvested as electrical power through a simple EH circuit that
has been studied and reported[59]. The electrical power can be easily calculated from the output
voltages, therefore, the system output voltage is a key parameter to evaluate the EH performance of
the system: the higher the output voltage, the more electrical energy is harvested. According to the
above analysis, one can see that the system output voltage is governed by the dynamic interaction
between the cylinder and the ball as well as the electrical and mechanical properties of the membrane.
The latter one has experimentally been validated at our previous work[60]. Therefore, the EH
performance of the proposed system under different input parameters can be reasonably evaluated
based on its dynamic analysis, which can only be obtained through numerical simulations due to the
complexity of the nonlinear system.
3 Numerical simulations

The dynamics of the presented system is extremely complex and rich due to its nonlinearity. In
order to fully reveal the dynamic behaviors and EH performance of the proposed system, the 4th
Runge-Kutta algorithm with time step 10-5 s is adopted in this paper to solve the differential equations
and obtain the system response under pure harmonic excitation. The following set of parameters was
used for numerical simulations in this paper unless otherwise stated: M =124.5 g, m  3.5 g, the
membranes are twice pre-stretched with R0  Rcin =6.3 mm, h0  0.25 mm, rb  5 mm, d  42
mm, w  6 mm, U in  2000 V, whereas K  4.0847 105 and n  2.6 are set in (7) according to
previous experiments[59].
A set of specific parameters are selected first to illustrate the system response:   0 , r  1 , and
the initial conditions of the system are set at

z M (0)   A / [ M (2 f 0 ) 2 ] ,

 (0)  0 ,
zM

zm (0)  zM (0)  s / 2 ( zm (0)  0 ) and zm (0)  4 f 0 zm (0) . It is easy to imagine that the ball will
periodically impact both membranes when the velocity of the cylinder is at zero so that the ball’s
motion looks like a saw-tooth signal, that is shown in Figure 2 for A  0.1 N and f 0  2 Hz. Figure
2(a) presents the ball displacement (blue) and membranes’ motion (red); one can clearly observe a
“pure” or “classical” vibro-impacting regime with consequent impacts against each membrane that is
reflected in the sharp peaks and troughs. The velocities of the cylinder and the ball are presented in
  0 . The impacts,
Figure 2(b) where one can see the velocity of the ball reverses at impacts when zM
which occur when zm  z L or zm  z R according to Figure 2(a), will produce extra voltage, shown
in Figure 2(c), which in this particular case is the same for each impact. Figure 2(d) presents the phase
trajectory of the ball in a steady-state case (50~100 s in this paper), after all the transient oscillations
died out. Single closed trajectory indicates a simple periodic motion of the ball, as expected.

Figure 2. (a) Displacements and (b) velocities of the outer structure and the ball, (c) output voltage versus
time for  =0 , r  1 , A=0.1 N and f0  2 Hz under saw-tooth initial conditions, and (d) the ball’s phase
trajectory.

However, this ideal saw-tooth pattern can be easily destroyed when   0 or r  1 or the initial

conditions are not satisfied. Therefore, it is necessary to further discuss the influence of all relevant
parameters on the system output performance. These parameters include the initial conditions xm (0)

 (0) , the system parameters  and r , and the excitation parameters A and f 0 . It should
and xm
 (0)=0 m/s in
be pointed out that the initial conditions of the cylinder are set at xM (0)=0 m and xM
the following discussion, except of some specially mentioned cases. It is easy to calculate that C =0
and D =A / [ M (2 f 0 ) 2 ] in (2).
The harvested electrical power can be easily calculated from the output voltage gain. As stated in
Section 2, this voltage depends on the largest deformation of the membranes, whose properties are
given and kept constant in this study. Thus, the deformation itself depends on the relative velocity

v  vm  vM  at the beginning of impacts, assuming that the cylinder motion remains unchanged
under the external excitation. To better analyze and compare the system output performance, the
overall amount of gained voltages at a steady state (the time interval of 50 to 100 s is selected in this
paper to avoid the transient process) is defined as:
N



(i )
U gain   U imp
 U in
i 1



(18)

(i )
denote the output voltage of the system at ith impact, and N is the number of impacts
where U imp

within the same time interval. The average gained voltage of the proposed device at its steady state
can be defined as:
U

T

=U gain / T

(19)

where T =50 s. To avoid its dependence on the frequency of response and estimate the energy
generated at every impact, it is also reasonable to report an average value of voltage gain over a given
time interval normalized to the number of impacts:

U ave  U gain / N

(20)

Thus, (19) can be used to estimate the overall EH performance of the proposed device, while (20)
helps to understand the system response based on dynamic analysis.
3.1 Influence of the ball’s initial conditions
It should be pointed out first that it is impossible to set specific initial conditions in a real life
application, especially for the ball which is inside the cylinder and cannot be controlled. Moreover,
when   0 the ball will most realistically be resting at the left (bottom) membrane, thus the

 (0)  0 denoted below as
corresponding initial conditions for the ball are zm (0)   s / 2 and zm
real-ICs[60]. However, in order to fully reveal the nonlinearity of the presented system, a study of the
influence of the ball’s initial conditions is necessary.
Figure 3(a) presents the U ave under different ball’s initial conditions with  =0 , r  1 , A=5 N
and f0  2 Hz. The initial displacement of the ball is between  s / 2 and s / 2 physically, and the
initial velocity of the ball varies from -5 m/s to 5 m/s. It can be seen that the values of U ave are

 , and the values rise with an increase in the absolute value of the
approximately symmetric in zm
initial velocity. This indicates that the higher initial kinetic energy of the ball, the higher U ave
because there are no energy losses in the elastic impact case ( r  1 ). It can also be seen that the larger
the positive initial displacement of the ball, the higher U ave because the cylinder initially moves to

the right F (t )  A cos(2 f 0t ) resulting in a larger velocity at the first impact and later repeated
impacts. The contours of Figure 3(a) are plotted in Figure 3(b), where the contours for U ave at 10 kV,
20 kV, 30 kV and 40 k V are presented.

Figure 3. (a) U ave of the presented system under different initial conditions of the ball and (b) the relevant
contours for  =0 , r  1 , A=5 N and f0  2 Hz.

By keeping other parameters the same as those in Figure 3 and setting the values of  at 0 ,

30 , 45 , 60 and 90 , the contours of the U ave under different ball’s initial conditions are
plotted in Figure 4(a). It can be seen that all contours under different  have a similar trend and
differences between different angles are quite small, which indicate that the inclinational angle 
has little influence on the voltage output under the given system and excitation parameters. This can
be explained that if the amplitude of the external excitation is much larger than the gravity component,
the excitation is the dominant factor determining the ball’s motion and system output while the
inclinational angle of the system has little influence. The similar contours under A=20 N are
presented in Figure 4(b), where one can see the same trend as that in Figure 4(a). Furthermore, one
can see that the curves for low values of initial velocities are denser, locating closer to each other, than
that for high value of the initial velocities.
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Figure 4. The contours of U ave under different ball’s initial conditions when  is set at 0 , 30 , 45 ,
60 and 90 , r  1 , f0  2 Hz and (a) A=5 N; (b) A=20 N.

However, the value of the restitution coefficient r has significant influence on the system output.
As noted in Section 2, when 0  r  1 the initial conditions of the ball barely affect the ball’s motion
at its steady state. Figure 5 demonstrates the result for U ave under different initial conditions of the
ball and two values of the restitution coefficient r  0.75 and r  0.5 . It can be seen from Figures
5(a) and (b), which correspond to the cases of r  0.75 and r  0.5 , respectively, the values of

U ave are distributed uniformly over the state space and has values of 4559~4766 V when r  0.75
and no gain when r  0.5 . These results indicate that the inelastic impacts ( 0  r  1 ) between the
ball and membrane will result in dissipation of the ball energy and eliminate the influence of initial
conditions on the voltage output. It should be stressed that lower values of r do not directly imply
lower levels of gained energy, as one can see later, since the response heavily depends on the
excitation frequency.

Figure 5. U ave of the system under different initial conditions of the ball when (a) r  0.75 and (b)
r  0.5 .  =0 , A=5 N and f0  2 Hz.

Furthermore, the value range of U

T

under different ball’s initial conditions is shown in Table 1

for different values of  and r . It can be seen that for a given  , as the value of r decreases, the
value of U

T

decreases accordingly due to a larger energy dissipation, which is in general can be

seen as a pattern, but for some values of the excitation frequency this pattern may be broken. However,
for a given r small enough ( r  0.5 and r  0.25 ), the values of U

T

under different  are

close, which indicates that the values of  have little influence on the system response. It should be
noted that for values of r not small enough or close to unity ( r  0.75 in Table 1) the influence of

 on the system response may still exist.
Table 1. The value range of U

T

under different ball’s initial conditions for varying values of 

and r when A=5 N and f0  2 Hz.
Output voltage gain per second V/s ( 104 )

 =0

 =30

 =45

 =60

 =90

r  0.75

7.77

7.65

7.8

7.45

6.37

r  0.5

6.21

6.21

6.20

6.18

6.16

r  0.25

4.40

4.41

4.42

4.43

4.43

It should be pointed out that an elastic impact is an ideal case that can hardly be encountered in real
life, especially since the impacting membranes are soft. Therefore, it is reasonable to assume that the
value of r is small enough in the proposed system and the system response under different initial
conditions will be identical.
3.2 Influence of the harmonic excitation frequency
In the simulations presented in Subsection 3.1, the frequency of the harmonic excitation was set to

f0  2 Hz. However, the excitation frequency in various applications can vary significantly, from
low frequency of 2-5 Hz (walking person) to hundreds and thousands of hertz (rotating/moving
machines/components). Thus, the device performance under a range of excitation frequencies is
studied and presented in this subsection.
To study the response of the system as a function of f 0 , the value of A should be kept constant.
The curves of U ave and U

T

versus f 0 under different angles are plotted in Figures 6(a, b),

where A  5 N and r  0.75 . It can be seen from Figure 6(a) that the trend of the U ave curves is
complicated. At first, all the curves oscillatory ascending as f 0 increases at a small frequency range
and attain their peaks at some f 0 value. Within this range of frequencies, the difference between the
curves is quite small indicating that the output performance of the proposed device is not affected by
the angle. After achieving their maximum all curves plunge to a much lower level and present a
generally decrease trend, except of some discrete points. In Figure 6(b), all U

T

curves have a trend

similar to the U ave curves but with much smaller oscillations. One can also see that U

T

has the

largest value under   90 within the high frequency range ( f 0  31 Hz), indicating that within
this frequency range the proposed device has optimal output performance when it is installed
vertically.
It is worth mentioning that at some discrete frequency points some particular device arrangements
with respect to its angle are more beneficial than others. For instance, in Figure 6(a) one can see that
at around 29 Hz the horizontal device   0 will provide the best performance, whereas for 25 Hz
the angle should be   45 and at 30 Hz it should be   30 .
Two curves U ave and U

T

are presented in Figures 6(c-f) for smaller values of r , namely

r  0.5 in Figures 6 (c,d) and r  0.25 in Figures 6(e,f). Although all the curves have a similar
trend as stated previously, there are some differences. The curves attain their peaks at smaller values
of the frequency and the absolute values of the peaks are also smaller. At this point we can return to
the question related to the device performance at various values of r and compare Figure 6(a) and (c)
and (e). It is clear that at approximately 19 Hz the horizontal device will generate more power at
r  0.25 than at r  0.5 or r  0.75 . It is believed that the reason for this is the phase difference
between the ball and the cylinder at small values of r, which changes the ball velocity after each
impact and thus influences the time of free motion of the ball between the impacts.

Figure 6. Output voltage for A  5 N; U ave for r  0.75 (a), r  0.5 (c) and r  0.25 (e); U

T

for

r  0.75 (b), r  0.5 (d) and r  0.25 (f).

Figure 7 presents similar curves for the excitation amplitude A=20 N. It can be seen that all
curves have a similar pattern as those in Figure 6, with higher peak values and higher values of the
peaks’ frequencies. All curves before their peak values (within the low frequency range) almost
coincide, thus the device will produce the same amount of energy at any angle. It should be said that
the overall structure of the curves with the drop in the response amplitude reminds the behavior of a
forced system with a nonlinear stiffness like a Duffing oscillator.
Figures 6 and 7 can only help in designing the device based on the given excitation frequency, but
they cannot explain why the curves demonstrate such a complicated trend. To understand the device
performance the bifurcation diagrams of the dynamic system as a function of f 0 for   0 and

  90 under different values of A and r are presented in Figures 8 and 9.

Figure 7. Output voltage for A  20 N; U ave for r  0.75 (a), r  0.5 (c) and r  0.25 (e); U

T

for

r  0.75 (b), r  0.5 (d) and r  0.25 (f).

The plots show the relative steady-state velocities difference v between the cylinder and the ball
just before impact, which determines the value of  according to (8) and the output voltage U imp ;
the larger v the larger  and U impact . In these plots one can see a range of v values for each
and every value of the excitation frequency; moreover, in some cases this range has a couple of
discrete values of the relative velocity whereas in other cases a whole range of values is possible,
including very small velocities. If one compare these plots to the corresponding plots of output
voltage one can see that when small impact velocities are possible, the values of output voltage are
relatively small, which can be seen in the case of “high” excitation frequencies. When there are only a
couple of high velocity values are available, as can be seen in the “low” frequency range, then the
output voltage is high due to high membrane deformation.

Figure 8. Bifurcation diagrams of the relative impact velocity for A=5 N,   0 , r  0.75 (a), r  0.5
(b), r  0.25 (c);   90 , r  0.75 (d), r  0.5 (e), r  0.25 (f).

Figure 9. Bifurcation diagrams of the relative impact velocity for A=20 N,   0 , r  0.75 (a), r  0.5
(b), r  0.25 (c);   90 , r  0.75 (d), r  0.5 (e), r  0.25 (f).

One can also see that the plots are symmetric in the case of horizontal device   0 and
asymmetric for the vertical device   90 . The asymmetry reflects the fact that the top membrane
cannot always be reached by the ball at low excitation amplitude, when one compares Figure 8 and
Figure 9 correspondingly, or high excitation frequency.
3.3 Influence of the excitation amplitude
The amplitude of the harmonic excitation is another important factor that influences the system
dynamics. The harmonic excitation F (t )  A cos(2 f0t ) applied to the system results in the response
amplitude of the cylinder’s movement that is equal to A / M (2 f 0 ) 2 . For the convenience and future
design of the device let’s introduce a non-dimensional parameter:



A / [ M (2 f 0 ) 2 ]
s/2

(21)

Thus, to study the response of the system as a function of  , the value of f 0 should be kept
constant. The curves of U ave and U

T

versus  under different angles are plotted in Figure 10

for f0  2 Hz and r  0.75 . Similar curves U ave and U

T

for  =0.5 and  =0.25 are plotted

in Figure 13, with all other parameters the same as in Figure 10. It can be seen from Figure 10(a) that
with an increase of  all curves can be roughly divided into two parts: the low values of  range
( 0    28 for  =0 ) and the large values of 

range (   28 for  =0 ). All curves

demonstrate an increasing trend following a “standard curve”, shown in Figures 10 and Figure 13 as
red dashed lines. When other curves reach the “standard curve” the difference between various curves

becomes quite small, which indicates that the values of  have little or no influence on the system
output performance in the case of large  . As one can see in Figure 10(a), the curves corresponding
to larger angles join the “standard curve” later, i.e. at larger values of γ. The curves shown in Figure
10(b) have a simpler pattern with small oscillations. As  increases the curves show an upward
trend, which is well expected since larger values of  and, therefore, A mean more energy input
into the system resulting in a higher relative acceleration and velocity of impacts. Hence, the strength
of the harmonic excitation has a positive effect on the magnitudes of the electrical energy converted
through this device. The “standard curve” has been approximated and can be expressed as
U

T

=3.0  104   0.55 .

Figure 10. Output voltage curved U ave (a) and U

It is a very interesting phenomenon that the U

T

T

(b) for f0  2 Hz and r  0.75 .

curves show an increasing trend whereas the

U ave curves show an oscillatory pattern before they reach the “standard curve”. In order to explain
this phenomenon, two special cases of   0 ,   15 and   35 are chosen from Figure 10 to
show the difference in the system responses, as shown in Figures 11 and 12, respectively. In the first
case of   15 , the relative displacement between the ball and the cylinder is presented in Figure
11(a), and the displacement of the ball and its limited positions are presented in Figure 11(b) to
demonstrate the impact details. After impacting the left membrane at point 1 (Figure 11(b)) both of
them move rightward until the cylinder start slowing down whereas the ball keeps moving with its
maximum velocity until it reaches the right membrane, indicated by point 2. It should be noted that
the cylinder still moves to the right gradually slowing down, so that the ball reaches it again at point 3.
Then the cylinder stops completely and starts moving leftward accelerating. The cylinder’s velocity
increases so the right membrane is able to impact the ball at points 4~6 until the ball is pushed by the
right membrane, then the process approximately repeats itself so that the ball’s motion presents a
quasi-periodic state, shown in Figure 11(c).
The results of the other case with   35 are presented in Figure 12. It can be seen from Figure
12(a) that initially the curve is a horizontal line, which indicates that the ball stays at the left
membrane and moves rightward pushed by the membrane until the cylinder reaches its largest
velocity at point 1. After that, the ball moving faster than the cylinder impacts the right membrane at
point 2 and then at points 3~5 catching up with the moving rightward right membrane. The cylinder
moves reversely after that, reaches its largest displacement and the right membrane with the ball starts
moving leftwards accelerating the ball. The process then repeats itself so that the ball’s motion is fully
periodic as shown in Figure 12(c). However, many low-power generated impacts will occur when the

ball chases the membrane, thus the number of impacts increases in (20) leading to lower values of

U ave within the range of larger values of  than that within the range of small values of  ,
although the overall energy gain increases as  increases.

Figure 11. (a) Relative displacement between the ball and cylinder, (b) ball’s position and (c) ball’s phase
trajectory under  =15 . f0  2 Hz, r  0.75 .

Figure 12. (a)Relative displacement between the ball and cylinder, (b) ball’s position and (c) ball’s phase
trajectory under  =35 . f0  2 Hz, r  0.75 .

According to the above analysis, there is a critical value  cr in the U ave curves that divides the
range of  so that, when    cr , the system steady state response is periodic and follows the
“standard curve”, whereas for    cr , the system steady state response can be quasi-periodic or
irregular. The value of  cr depends on the angle  . When  is large the cylinder needs a larger
excitation amplitude to overcome the ball’s gravity component so that the right (top) membrane can

be caught up with the ball. Therefore, the  cr has a positive relationship with  , which is
demonstrated in Figure 10(a).
It can be seen that the curves in Figure 13 have a similar pattern compared to those in Figure 10,
and the value of  cr for the same angle decreases as r decreases indicating that the ball’s motion
pattern converges faster to the “standard curve”. Two “standard curves” have been obtained from
these results, connecting the output voltage and  for the case of r  0.5 U
and r  0.25

U

T

T

=2.0  104   0.4824

=1.4  104   0.4652 , correspondingly.

Figure 13. U ave curves for r  0.5 (a) and r  0.25 (c), and U

T

curves for r  0.5 (b) and r  0.25

(d) with f0  2 Hz.

Comparing Figures 10(b) and 13(b, d) one can see that the amount of U

T

decreases as r

decreases at a same value of  , indicating that a smaller r will result in more energy dissipation
and less harvested energy in general. However, the comparison between different standard curves
presents a different law. The standard curves for different r are presented in Figure 14, where one
can see that the amount of U ave increases as r decreases at the same value of  , which can be
explained in a similar manner as before by a high number of low-energy impacts at this excitation
frequency.
It should be pointed out that large values of  require either a large A or a low f 0 under a
given set of system parameters. Although these conditions are rarely met in machines, where adverse
vibrations are properly mitigated, and therefore response along the standard curve is hard to encounter,
in a realistic environment it is possible to observe, for instance in ocean waves, which may have a
high amplitude and always have a low frequency.

Figure 14. Standard curves of U ave versus  under different r .

4 Discussion
The study of the EH performance under a harmonic excitation is helpful to understand the rich
nonlinear behavior of the proposed device with the given system parameters. In a realistic vibrational
environment, where the amplitude and frequency of the excitation are given, the device design can be
optimized for its best performance through simulations.
To optimize the design of a real EH device, it is necessary to determine the values of the system
parameters, such as M , m , R0 ( Rcin ), h0 , rb , d , w and  . Among these parameters, the
values of R0 and h0 should be fixed first so that one could obtain the parameters of the DE
membrane in simulations, such as K , n and r ; the values of Rcin and rb are determined
accordingly. Thus, for given ball mass and outer structure, the optimization of the EH device can be
seen as the optimization of its length (i.e. the distance between two membranes l  d  2w ) and angle
(  ). The optimization procedure of the proposed EH device subjected to a given vibrational
environment is given as follows:
Step 1: Measure the vibrations in a given vibrational environment such as human walking, ambient
vibrations near machines, etc., and obtain the approximate maximum value of the excitation
amplitude and peak (mean) frequency;
Step 2: Choose l and  as variables and calculate the average gained voltage U

T

of the

proposed device at its steady state under different values of l and  ;
Step 3: Acquire the maximal value of U

T

. The corresponding values of l and  are the best

parameters of the proposed device for working in the given vibrational environment.
A specific case to optimize the design of the proposed EH device mounted onto a car engine
compartment is given below to further demonstrate the optimization procedure. The peak acceleration
( A / M ) is 12 m/s2 and the peak frequency ( f 0 ) is 200 Hz in a car engine compartment[61] and it is
assumed that this acceleration is the same in all direction. Assuming that r  0.5 , and all parameters,
except d , w and  , are kept constant and set as the values in the previous simulations, the U

T

versus l curves under different angles ( 0 , 30 , 45 , 60 and 90 ) are presented in Figure 15(a),

where the value of l varies from 10 mm to 20 mm and real-ICs are imposed in all the simulations. It
can be seen from Figure 15 that as l increases:
1. The values of U

T

vary within a relatively small range when  =0 , and the maximal value is

obtained when l  11 mm as shown in the built-in plot.
2. The U

T

curves present a similar horizontal trend when l > 11 mm at  =30, 45, 60 ,

indicating that the average output voltage gain has nothing to do with the length of the cylinder,
because impacts only occur at the left (bottom) membrane due to the small excitation amplitude, thus
the degrees of impacts are decided by the gravity component. The maximal value of U

is

T

achieved when  =30 .
According to the above analyses, to achieve the best EH performance for the car engine
compartment, the length of the cylinder ( l  d  2w ) should be chosen as 11 mm, so that most energy
can be harvested at any angle, and it is better to set the device inclined at an angle of 30 if possible.
Thus, the optimized EH device will produce U
1
can be further obtained: P  C0U in U
2

T

T

=4679 V/s. The power generated by this device[59]

 0.0702 mW. Here, C0 = 0 r A0 / h0  1.5  1011 F,

where  0  8.85  10 12 F/m,  r  3.4 .
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Figure 15. Output performance of the proposed device under different l and for a car engine
compartment. (a) m  3.5 g; (b) m  12.45 g; (c) m  62.25 g.

It can be learned from (8) that a larger value of m produces a larger  , therefore, a larger output
voltage at each impact. Thus, it is possible to further improve the EH performance of the proposed
device through increasing the mass of the ball with other parameters kept unchanged. It should be first
noticed that when m is large, (16) should be used to calculate the velocity of the ball after impacts.
Two optimization figures for the proposed device with m  12.45 g (  =0.1 ) and m  62.25 g
(  =0.5 ) are presented in Figures 15(b, c), respectively. It can be seen that all the U

T

curves have

the familiar pattern as those in Figure 15(a).
The optimal angles for different m and the relevant values of maximum U

T

and maximal

power are summarized in Table 2. It can be seen that the optimal EH performance of the proposed
device is improved with increasing the values of m . However, because the largest deformation  of
the membranes at impacts is not proportional to the value of m , this positive relationship is not linear.
For example, with the value of m increasing nearly four times from 3.5 g to 12.45 g, the maximal
power only increases about two times. Therefore, it is possible to increase the amount of harvested

energy by increasing the ball mass, however, larger mass makes the device heavier, bigger, and
eventually may break the membrane.
Table 2. Optimal angles for different m and the values of maximal U
m (g)

Optimal angle (  )
Maximal U

T

(V/s)

Maximal power (mW)

T

and maximal power.

3.5

12.45

62.25

30

45

30

4557

9560

36420

0.0702

0.143

0.547

5 Conclusions

In this paper a DE-based energy harvesting device has been presented and analyzed. The concept is
based on the VI motion of a ball, moving freely inside a capsule (cylinder), both sides of which are
covered by DE membranes. The dynamic analysis was conducted first, and the membrane
deformation under external excitation was analyzed analytically in connection to the amount of
voltage that can be generated. Thus, the basic principle of energy harvesting based on the proposed
device under external excitation was introduced. The dynamic response of the system is rich and
colorful. By taking two evaluation indexes based on output voltage gain, the dynamic and electrical
performance of the system depending on initial conditions, angles, restitution coefficient, amplitude
and frequency of the harmonic excitation were thoroughly studied and critically analyzed. The study
is helpful to optimize the design of the device subjected to a real vibrational environment by adjusting
its length and angle to the given excitation parameters. The optimization procedure was discussed, and
a specific case of the design optimization for a car engine compartment was presented. The influence
of the mass of the ball on the optimal EH performance of the proposed device was studied at last.
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